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ON THE UNIQUENESS OF Lp-MINKOWSKI PROBLEMS: THE 
CONSTANT p-CURVATURE CASE IN R 3 

YONG HUANG, JIAKUN LIU, AND LU XU 


Abstract. We study the C 4 smooth convex bodies K C R n+1 satisfying K(x) = u(a;) 1_p , 
where x £ § n , K is the Gauss curvature of 9K, u is the support function of K, and p is 
a constant. In the case of n = 2, either when p G [—1,0] or when p G (0,1) in addition 
to a pinching condition, we show that K must be the unit ball. This partially answers a 
conjecture of Lutwak, Yang, and Zhang about the uniqueness of the L p -Minkowski problem 
in R 3 . Moreover, we give an explicit pinching constant depending only on p when p G (0,1). 


1. Introduction 


The Lp-Minkowski problem introduced by Lutwak ([30] is a generalisation of the classical 
Minkowski problem and has been intensively studied in recent decades. In the meantime, 
the classical Brunn-Minkowski theory has also been remarkably extended by Lutwak [301131] 
to the Brunn-Minkowski-Firey theory. Many interesting applications and inequalities have 
been correspondingly established following this pioneering development in convex geometry, 
see [51ll0U34H361l46H48| for example. Among many excellent references, we refer the reader to 
the newly expanded book m of Schneider for a comprehensive introduction on the related 
topics. Yet there are still plenty of unsolved problems in this research area. In particular, 
very little is known about the uniqueness of the L p -Minkowski problem when p < 1. Even 
in the case of n = 2, the uniqueness is a very difficult and challenging problem, and has not 
been settled. The aim of this paper is to establish the uniqueness in R 3 for a range of p less 
than 1, which gives a partial answer to a conjecture of Lutwak, Yang, and Zhang about the 
uniqueness of the Lp-Minkowski problem. 

Given a Borel measure m on the unit sphere § n , the Lp-Minkowski problem investigates 
the existence of a unique convex body 
of K., or equivalently 

(1.1) dm = n 1_p d/r, 


in R n+1 such that m is the L p -surface area measure 
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where p is the ordinary surface area measure of IK and u : § n —> R is the support func¬ 
tion of IK. Obviously, when p = 1, the L p -Minkowski problem reduces to the classical 
Minkowski problem. We remark that when p ^ 1, the Brunn-Minkowski-Firey theory is not 
a translation-invariant theory, and all convex bodies to which this theory is applied must 
have the origin in their interiors. Throughout this paper, we will always assume that the 
origin is contained inside the interior of IK, in other words, the support function u > 0 is 
strictly positive on § n . When / = dm/dx is a positive continuous function on S n and the 
boundary dK is in a smooth category, for example C A smooth, (11.11) can be described by 
the following Monge-Ampere type equation: 

(1.2) det (Uij + u5ij) = fvP- 1 on § n 

where is the covariant derivative of u with respect to an orthonormal frame on § n . The 
case of p = 1 has been intensively studied and landmark contributions on regularity are due 
to Lewy [23], Nirenberg [21], Calabi [9], Cheng-Yau [IT], Pogorelov [22], and Caffarelli [3] 
among many others, see [30] for more history. For p > 1, p^n + 1, Lutwak [30] solved the 
problem (11.11) when the given measure is even. Chou-Wang Phil solved (11.21) for a general 
measure when p > 1. Different proofs were presented in Hug-Lutwak-Yang-Zhang [2Tj for 
p > 1. C°° solution was given by Lutwak-Oliker [32] for the even case for p > 1. For the 
general case, C 2,a solution was given by Chou-Wang [12] and Guan-Lin [20] independently 
when p>n+l. For 1 < p < n + 1, the origin may be on the boundary of the convex body 
of the solution for a measure with positive smooth density, and thus the C 2,a regularity 
is not desirable, see (T21 [2011231] for an example. However, for p > 1, it was shown in Hug- 
Lutwak-Yang-Zhang [24] that the origin is always in the interior of the polytope of the 
solution for the discrete case. The weak solution of (11.21) for — n — 1 < p < n + 1 was also 
established and partial regularities were obtained in m- For p = 0, named the logarithmic 
Minkowski problem (11.11) . Boroczky-Lutwak-Yang-Zhang [5] obtained the existence of the 
even logarithmic Minkowski problem provided that the given measure satisfied the subspace 
concentration condition. In the discrete case, Zhu [36] dropped the evenness assumption. 
Recently, Lu-Wang [29] established the existence of rotationally symmetric solutions of 
m in the critical case p = —n — 1, see also f25j|38|. By adding a gradient condition on /, 
Huang-Lu [23] obtained the C°° regularity of the solution of m for 2 < p < n + 1. 

The focus of this paper is on the uniqueness of the L p -Minkowski problem, namely the 
uniqueness of solution of equations m and m- Recall that the tool used to establish 
uniqueness in the classical Minkowski problem is the Brunn-Minkowski inequality (among 
several equivalent forms Gardner [18]): For any convex bodies IK,L C M Tl+1 and A € (0,1), 


(1.3) 


R((l - A)K + AL) > R(IK) 1 - a R(L) a 


ON THE UNIQUENESS OF L p -MINKOWSKI PROBLEMS 


3 


with equality if and only if IK and L are translates, where V(-) is the volume and ‘+’ is 
the Minkowski sum. The uniqueness of the L p -Minkowski problem for p > 1 was obtained 
hr [30] by using the Brunn-Minkowski-Firey inequality: For any convex bodies K,Lc M rt+1 
containing the origin in their interiors and A € (0,1), 

(1.4) V((l - A) o K + p A o L) > y(K) 1 - A F(L) A , 

with equality if and only if K = L, where ‘+ p ’ is the Firey L p -sum and ‘o’ is the Firey 
scalar multiplication (see Section 2 for the definitions). However, the inequality (11.41) does 
not hold when p < 1 as shown in Example 12.11 The lack of such an important ingredient 
causes the uniqueness a very difficult and challenging problem for the case of p < 1. 

Very recently, Jian-Lu-Wang [26] proved that for any — n — 1 < p < 0, there exists / > 0, 
£ C°°(§ n ) such that the equation (11.21) admits two different solutions. Hence, to study the 
uniqueness of the L p -Minkowski problem for p < 1, one needs to impose more conditions 
on the convex body IK or on the function /. In the case of n = 1, for 0 < p < 1, Boroczky- 
Lutwak-Yang-Zhang [6] obtained the analogous inequalities to (II.4p for origin-symmetric 
convex bodies, which further implies the uniqueness under these assumptions. When p = 0, 
the uniqueness was due to Gage m within the class of origin-symmetric plane convex bodies 
that are also smooth and have positive curvature; while when the plane convex bodies are 
polytopes, the uniqueness was obtained by Stancu [32] ■ As mentioned in [6]: “For plane 
convex bodies that are not origin-symmetric, the uniqueness problem (when 0 < p < 1) 
remains both open and important.” 

On the other hand, one can ask for the uniqueness when / is a positive constant in (11.21) . 
Note that when p < 1, whether the solution convex body IK is origin-symmetric appears to 
be an open problem Lutwak [30], even for the special case of n = 2 and p = 0, which was 
conjectured by Firey HU. Concerning the uniqueness in the smooth category, but without 
the origin-symmetric assumption, the following conjecture has been posed by Lutwak, Yang, 
and Zhang. 

A conjecture of Lutwak-Yang-Zhang: Let IK be a C 4 smooth convex body in M n+1 con¬ 
taining the origin in its interior. Let u be the support function of IK, and K(x ) be the 
Gauss-Kronecker curvature at the point of <9IK with the unit outer normal x £ E> n . When 
—n — 1 < p < 1, if the p-curvature function of IK is a positive constant, i.e. 

(1.5) = C Vx € §", 

then I€ must be a ball. In other words, if u £ C 4 (S n ) is a positive solution of (11.21) with 
f = C a positive constant, then u must be a constant on E> n . In that case, u = C 1 ^ n+l ^ 
and IK is a ball of radius u , centred at the origin. 
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The above index — n — 1 is critical in the sense that when p = —n — 1, the equation m 
becomes invariant under all projective transformations on § n , and when / is a positive 
constant, it is well known that all ellipsoids centred at the origin with the constant affine 
distance are solutions, see for example [2T1I38M3] . 

Without loss of generality, by a rescaling we may assume that the constant C = 1 in 
equation (USD- Under some appropriate conditions, in the following we shall prove that 
u = 1 is the unique solution of the Monge-Ampere equation 

(1.6) det (Uij + uSij) = u p ~ l on § 2 , 

which correspondingly answers the conjecture of Lutwak-Yang-Zhang in R 3 . 


Theorem 1.1. The conjecture of Lutwak-Yang-Zhang holds true in R 3 under either of the 
following two conditions: 


(i) -1 <p< 0; 

(ii) 0 < p < 1 and the boundary 9K satisfies a pinching relation that > K 2 > /3(j>)k i, 

where are two principal curvatures. In particular, the pinching constant is 

explicitly given by 


(1.7) 


Pip) = 2 


1 - VI - 

7 ~ 2 


- 1 , 


where q = 1 — p. 


As mentioned before, due to the lack of inequality (11.41) in the case of p < 1, one need 
different tools and new ideas to study the uniqueness of the L p -Minkowski problem. In 
this paper, we shall work with the Monge-Ampere type equation m and use a maximum 
principle argument to prove Theorem ll.il 


We remark that the Monge-Ampere type equation (fuel) is related to the homothetic 
solutions of powered Gauss curvature flows 


( 1 . 8 ) 


dX 

dt 


-K a v , 


which has been studied by many people. In the case of n = 1, a complete classification for 
the homothetic solutions of curve flows was given by Andrews [3]. In higher dimensions, the 
classification for the homothetic solutions remains an open question [ 21 ] • One may consult 
Andrews m, Urbas [441145] . and the references therein for related works in this direction. 
Our proof of Theorem 11.11 was in fact inspired by these works, and particularly the recent 
paper of Andrews-Chen [4j. 


Theorem 11.11 (i) corresponds to the work of Andrews-Chen on the surface flows ([1.811 
where n = 2 and a € [1/2,1], However, their proof depends on previous known results at 
the two end points a = 1/2 by Chow [13] and a = 1 by Andrews pQ. In this paper we give 
a straightforward and self-contained proof to the uniqueness of (11.51) and (11.61) . 
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Theorem ll.il (ii) corresponds to the work of Chow m that for a > 1/n, there exist con¬ 
stants 0 < C{a) < 1/n depending continuously on a with C{l/n) = 0 and limQ._j.oo C(a) = 
1/n such that if the initial hypersurface satishes h t j > C(a)Hgjj (where gij,hij,H are the 
1 st , 2 nd fundamental forms and the mean curvature respectively), then by a rescaling the 
limit solution converges to a sphere. However, no explicit expression for such a pinching 
constant was given by Chow. In this paper, we derive the constant (EID in the case of 
n = 2, which matches Chow’s asymptotic conditions by observing that 


a = 


1 

1 — p' 


C(a) 


P(p) 

i +m ' 


Moreover, when n = 2, our result implies that Chow’s pinching constant C(a) = 0 for all 
a € [1/2,1] and liniQ_j. 00 C(a) = 1/2. 

The organisation of the paper is as follows. In Section 2, we recall some basic facts and 
notions in convex geometry and differential geometry, which will be used in our subsequent 
calculations. In Section 3, we give the proof of the main theorem, which is divided into three 
cases p £ [—1,0), p = 0, and p £ (0,1). The first and last cases are proved via a unified 
formula derived by a maximum principle argument, while the case p = 0 is due to the strong 
maximum principle. Concerning the flow equation (jl.8l) . Franzen |16| recently pointed out 
that maximum-principle functions for any power a larger than one of the Gauss curvature 
does not exist, which makes it reasonable to assume the pinching condition in Theorem 
o (ii) for 0 < p < 1. For the remaining case that —3 < p < — 1, the current method 
does not work due to a technical obstruction, and we decide to treat it in a separate paper. 
The corresponding question in Gauss curvature flows m that whether a closed strictly 
convex surface converges to a round point for powers \ < a < \ is still open. However, for 
powers 0 < a < ^ the existence of non-spherical homothetic solutions of (11.81) have been 
constructed by Andrews [2], which implies that there is no uniqueness for problems (E3) 
and (11.61) when p < —3. Last, p = — 3 is the critical case that all ellipsoids centred at the 
origin with constant affine distance are solutions of (11.51) and (11.61) . 


2. Preliminaries 

2.1. Basics of convex geometry. We briefly recall some notations and basic facts in 
convex geometry. For a comprehensive reference, the reader is referred to the book of 
Schneider EDI- a convex body K in K n+1 is a compact convex set that has a non-empty 
interior. The support function : M n+1 —> R associated with the convex body IK is defined, 
for x € M n+1 , by 


(2.1) 


uk(x) = m&x{(x,y) : y £ IK}, 
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where (x,y) is the standard inner product of the vectors x,y G R n+1 . One can see that the 
support function is positively homogeneous of degree one and convex, thus it is completely 
determined by its value on the unit sphere § n . 

It is well known that there is a one-to-one correspondence between the set of all convex 
bodies, /C, in R n+1 and the set S whose members are the functions u G C(§ n ) such that u 
is convex after being extended as a function of homogeneous degree one in R n+1 . If u G S, 
it can be shown that u is the support function of a unique convex body K given by 

(2.2) K= p| {y GR n+1 : (x,y) <u(x)}. 

x£§ n 


A basic concept in the classical Brunn-Minkowski theory is the Minkowski combination 
AIK + A'L of two convex bodies IK, L and two constants A, X' > 0, given by an intersection 
of half-spaces, 

(2.3) AIK + A'L = p| {y G R n+1 : (x, y) < Xu K (x) + A'u L (®)}, 

x£§ n 

where uk, ml are the support functions of IK, L respectively. The combination (12.3D was 
generalised by Firey m to the Lp-combination for p > 1, 

(2.4) A o IK + p A' o L = P| {y G R n+1 : (x, y) p < Xu^(x) + X'u^(x)}, 

xG§ n 

where o is written for Firey scalar multiplication. From the homogeneity of (|2.4jh one can see 
that the relationship between Firey and Minkowski scalar multiplications is AolK = A 1//p IK. 
The Firey Lp-combination (|2.4I) leads to the Brunn-Minkowski-Firey theory as developed 
later by Lutwak [ 301131] . which has found many applications, see for example, [33] and the 
references therein. 


Note that the Brunn-Minkowski-Firey theory is not a translation-invariant theory, and 
applied to the set of convex bodies containing the origin in their interiors, /Co, in R n+1 . 
Correspondingly, we consider the set of support functions 5o = 5 H {u > 0 on § n }. Within 
these sets we can further extend the Firey Lp-combination (12.411 to the case of p < 1 as 
follows. Let a, b > 0 and 0 < A < 1, define 


(2.5) 




We also define M_ 00 (a, 6, A) = min{a,6}, and Moo (a, 6, A) = max{a,5}. These quantities 
and generalisations are called pth means or p -means [22]. The arithmetic and geometric 
means correspond to p = 1 and p = 0, respectively. Moreover, if —oo < p < q < oo, then 


( 2 . 6 ) 


M p (a, b , A) < M q (a , 6, A), 


with equality if and only if a = b (as a, b > 0). 
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Definition 2.1. Let /Co be the set of convex bodies in R n+1 containing the origin in their 
interiors. Let K, L G /Co and riK,^L be the support functions, respectively. For any p G R, 
A G (0,1), the generalised Firey Lp-combination (1 — A) o K + p A o L is defined by 

(2.7) (l-A)oK+ p AoL= P| {y E R n+1 : (x,y) < M p (uk(x) ,u^(x), A)}, 

x€§ n 

where M p is the function in (12.51) . As an intersection of half-spaces, the combination (12.71) 
gives a convex body in R n+1 for all p£l. 


By a rescaling, one can see that when p = 1, (E2|) is the Minkowski combination (12.31) . 
and when p > 1, it is the Firey Lp-combination in (12.41) . Note that when p > 1, the convex 
body (1 — A) o K + p A o L has exactly M p (u&(x), ul(x), A) as its support function. However, 
when p < 1, the convex body (1 — A) o K + p A o L is the Wulff shape of the function 
M p (uk(x), ul(x), A), which makes it very difficult to work with [61(30] . In particular, the 
following example (as mentioned in [6]) shows that the important Brunn-Minkowski-Firey 
inequality (11.41) . which was a crucial tool to establish the uniqueness for p > 1, does not 
hold when p < 1 in general. 


Example 2.1. Let A := {x E R n+1 : \xi\ < a Mi = 1, ■ ■ ■ , n + 1}, where a > 0 is a 
constant. Let A e := {x E R n+1 : \x\ — e| < a, \xfi < a Mj = 2, • • • , n + 1}, for a small 
positive constant e < a. Then A, A e E /Co- Let A E (0,1), from Definition ^. 1\ 

(1 — A) o A + p A o A e = {— M p (a, a — e, A) < x\ < M p (a, a + e, A)} x {|xj| < a, j > 1}. 

It is easy to see that H((l — A) o A + p A o A e ) = (2 a) n ( M p (a , a — e, A) + M p (a, a + e, A)) and 
V{A) = V{A e ) = (2 a) n+1 . For A G [0,1], define 

h(X) := M p (a, a — e, A) + M p (a, a + e, A), 

where M p is in (1231) . Notice that h is a smooth function in A and h{ 0) = h( 1) = 2 a for all 
p G K. By differentiation, for A G (0,1), h"( A) < 0 if p > 1, while h"{ A) > 0 if p < 1. So, 


M p (a, a — e, A) + M p (a , a + e, A) > 2a if p > 1, 
M p (a, a — e, A) + M p (a, a + e, A) < 2a if p < 1. 


This implies that, for A G (0,1), 

H((l - A) oA+p AoA e ) > H(A) 1 - a I/(A £ ) a if p > 1, 
H((l - A) oA+p AoA e ) < H(A) 1 - a I/(A £ ) a if p < 1. 


Following Definition 12.11 the mixed volume 4p(K, L) is defined by 


n + 1 


Hp(K,L) 


, F(K +p e o L) - \7(K) 
lim - - - 

£^•0+ 


( 2 . 8 ) 


p 


£ 




YONG HUANG, JIAKUN LIU, AND LU XU 


where V (IK) is the volume of IK. It was shown in |30j that for any IK € /Co, there exists a 
Borel measure p p ( IK, ■) on §" such that the L p -mixed volume V p has the following integral 
representation: 


(2.9) H p (IK,L) = —/ <d/i p (K,-) 

n + 1 Js n 

for all L € /Co- The measure p p is called the T p -surface area measure of IK. When p = 1, it 
reduces to the ordinary surface area measure p for IK. It turns out that p p is related to p 

by [30]: 


( 2 . 10 ) 


_ ? .i -v 

dp 


In the smooth category when <9IK £ C 2 , dp = K~ 1 dx , where K is the Gauss curvature 
of <9IK and dx is the spherical measure on S n . In view of this, the conjecture of Lutwak- 
Yang-Zhang asking whether the ball is the unique convex body such that its L p -surface area 
measure dp p equals to the spherical measure dx on § n is equivalent to 

(2.11) K = u 1 -? on § n . 


Choosing an orthonormal frame on §> n , (12.lip can be written as 

(2.12) det (Uij + uSij ) = — = u p_1 on S n . 

A 

Proposition 2.1. When p > 1, the unit ball u = 1 is the unique solution of (|2.12p . (up to 
a translation if p = 1). 


Proof. This can be proved by using the Brunn-Minkowski-Firey inequality (11.411 in convex 
geometry, even in the non-smooth category |30j. Here we reminisce some analytical results. 
When p > n + 1, consider the equation (12.1211 at the maximum u max and the minimum 
Umini one immediately has u = 1. In fact, Simon [41] proved that if c/IK is smooth and 
satisfies 

(2.13) S fc («) = G(u), 

for a C 1 function G with G' < 0, where n = («i, • • • ,K n ) are the principal curvatures of 
c/IK, Sk is the k th elementary symmetric function on M n , and u > 0 is the support function 
of IK, then IK must be a ball. Therefore, the proposition follows as a special case of k = n, 
G(u) = u 1 ~ p , which satisfies Simon’s assumption G' < 0 when p > 1. □ 

2.2. Basics of differential geometry. We choose a local orthonormal frame {ei,..., e n _|_i} 
at the position vector X £ <9IK such that ei, e 2 , ■ ■ ■ , e n are tangential to SIK and e n+ \ = v 
is the unit outer normal of <9IK at X. Covariant differentiation on <9IK in the direction e* is 
denoted by V*. The metric and second fundamental form of <9IK is given by 

9ij = ( e o e i)) hij = {DeW,ej), 
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where D denotes the usual connection of M n+1 . We list some well-known fundamental 
formulas for the hypersurface <91K C R n+1 , where repeated indices denote summation as the 
common convention. 


(2.14) 

(2.15) 

(2.16) 
(2.17) 


VjVjX = —hijV 
VjZ/ = hij'V jX 
^ i h'i.j — V j hu 

Rijki hikhji huhjk 


(Gauss formula) 
(Weigarten equation) 
(Codazzi formula) 
(Gauss equation), 


where Rijki is the Riemannian curvature tensor. We also have 


(2.18) 


A7 1^7khij — V/jV/Zljj -f" hmjRimlk T himRjmlk 

— T (hmjhu h'rril hij) ^ rnk 4“ ( h m j ^ h rn j h k j ) Arm • 


Let u = ( X , v) be the support function of K. Using the above formulas, we have some 
identities to be used in the next section. 


Lemma 2.1. For any i, j,l = 1, • • • ,n, 

(2.19) = hn(ViX, X), 

(2.20) VjVjU = (Vhij, X) + hij - uhuh jU 
where Xhij := £) fe (V k hij)V k X. 

Proof. Differentiating u = (X, v) we have 

Vjit = (X, V» + (' S7iX,v ) 

= (X,h u ViX) = h a (V l X,X). 

From ([2.141) - (12.161) and a further differentiation, we have 
VjVjU = (VjX, Vjv) + (X, XiXjv) 

= hu(ViX , VjX) + {X , (Vjh ik )V k X) + {X, haVjVtX) 

— hij -)- (Vhij,X) (X,v)huhj U 

and the proof is done. □ 

The principal curvatures Ai, A 2 , ■ ■ ■ , A n of c?K are defined by the eigenvalues of [h tJ \ with 
respect to the first fundamental form \gij\. The fc-th elementary symmetric function of 

Ai,A 2 j ■ ■ ■ jA n , 

Sk (Ai, A 2 j ■ ■ ■ 5 A n ) — ^ ) A,j ■ ■ • A i k , 

is called the k -th mean curvature of &K. In particular, when k = 1 the mean curvature is 
H = Ai + A 2 + • • • + A n , and when k = n the Gauss-Kronecker curvature is K = A 1 A 2 ■ ■ ■ A n . 
If K = A 1 A 2 • • • A n 7 ^ 0 , the reciprocals , j~ are called the radii of principal 

curvature. They are eigenvalues of [uij + uS t j\ with respect to an orthonormal frame of § n , 
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where Uij is the covariant derivative of u on S n , and u is the support function. As mentioned 
in (12.121) . we have the Gauss-Kronecker curvature 


( 2 . 21 ) 


K = 


1 


det (+ uSij ) 

Define the operator F(hij) := S n (X(hij)) = det hij. Equation (12.121) can be written as 
(2.22) F(hij) = K = u q , with q := 1 — p. 

Denote 

OF d 2 F 

pi] — pi],rs _ w 

dhij ’ dhijdh rs 


Using the above formulas (|2.16l) (12.181) . we have 

F^VmVmhij = F^S/mVihmj 


(2.23) 

where |A| 2 := V , h 2 ml . 


= F lJ [V l V m h mj 

= FiViVjhmm + F^huhijhmm - F lq h %j \A\ 2 , 


Lemma 2.2. When the dimension n = 2, we have the following: 


(2.24) 


(2.25) 


F^ViVjH = -FV’^mhijVmhrs + (1 - q)KH 2 + (2 q - 4)A' 2 

i I vill 2 

+qu q - 1 {VH,X)+qu q - 1 H + (l--y- 


q' K ’ 


F'i'Xi'V jl\ = qu q ~ l (X7K, X) + 2 qu q ~ l K - qK 2 H 


1 /• ' f V,A V/A 
1 q’ K 


Proof. Differentiating equation (|2.22l) with respect to e m twice yields 
(2.26) F lj X m hij = X m K = qu q ~ l V m u. 


(2.27) 


F^XmXmhij + F l3 ' rs X mhijX m h rs = A K 


m'Hj v m'^rs 


= qu q 1 Au + q(q — l)u q 2 |Vu|^ 


Using (|2.23l) and (12.271) . we can get 


F'-'XjXjll = - F^VmhijWmhrs + F^h^A 2 - F iq h im h jm H 
+ qu q ~ l Au + q(q - l)u q ~ 2 \Vu\ 2 . 


(2.28) 
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In fact, without loss of generality we may assume that hij is diagonal at X. By (12.2011 in 
Lemma 12.II and (12.261) . 

F^ViXjH = - F^ rs X m h i0 X m h rs + |,1 2 - F l Fi im h jm H 


+ qu' 


9-1 


{VH 1 X) + H-u\A\ 2 + (q-l) 


| Viif 


u 


= - A u,r,s V m h l3 V m h r s + 2 K(H 2 - 2 K) - H 2 K 


(2.29) 


+ qu' 


9-1 


C VH , X) + H - u(H 2 - 2K) + (q - 1) 


|Vtt| 


it 


= - FV^VmhijVmhrs + (1 - (?)XX 2 + (2(7 - A)K 2 

i I V/Ll 2 

+ qu q ~ l {XH , X) + qu q ~ l H + (1 - i-, 

q A 

where we have used the 2-homogeneity of A = K. 

On the other hand, by equations (I2.20|) . (12.221) . and (12.261) one can obtain 


/• ' ? V,V ; I\ = q(q - 1 )u q ~ 2 F ij V i u'V j u + qu q ~ 1 F ij V i V j u 


(2.30) 


= qrf- 1 


= A 


(VX, X) + 2 K - uF^h im h mj + (q-l) 


F^ViuVjU 


u 


= qu- J (VX, X) + 2qu g ~ 1 K -qK 2 H+( 1 - - 

q 


1 , F^XiKXjK 


IC 


□ 


3. Proof of Theorem 11.11 

In this section, we prove Theorem 11.11 by using a maximum principle argument inspired 
by Andrews and Chen’s work [2] on the powered Gauss curvature flow. We first derive 
a unified stopover inequality (13.231) . and then divide the proof of Theorem 11.11 into three 
cases, in three subsections, respectively. Throughout this section, we assume the dimension 
n = 2. 

Define the auxiliary function 

(3.1) Q = (Ai - A 2 ) 2 X“ = {H 2 - 4 K)K a , 

for a constant a to be determined, where Ai, A 2 are two principal curvatures of <91K; FI and 
K are the mean and Gaussian curvatures, respectively. Assume that Q attains its positive 
maximum value at X € <91K. By continuity, Q > 0 in a small neighbourhood of X. Choose 
an orthonormal frame such that e\, e 2 are tangential to <9K and the matrix \hij\ is diagonal 
at X. By differentiation, we have at X 

2 HXiH - 4V t K V t K 

+ a 


(3.2) 


0 = Vj(log Q) 


H 2 - 4 K 


K 
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and 


(3.3) 


0 > F^ViV j (log Q) = + ( F'V:V,K 


+ 


H 2 - 4K 

2 F^ViHVjH 2 


A 2 - 4A 


— (a “l - ci) 


K 

F^ViKVjK 

A 2 ' 


Our subsequent plan is to show, however, that F iq VjVj(log Q) > 0 by some deliberate 
choice of a in (13.11) . This contradiction will imply that 

(3.4) (Ai - A 2 ) 2 K a = 0 on dK, 

namely Ai = A 2 , and therefore, the convex body I€ must be a ball. 

Combining ([ 2.241) and (12.251) into (13.31) . we have 

2 H 


0 > (2 — 2 q — aq)KH + 2q(l + a)u q 1 — 
2 H 


_ P l 3> rs \7 h ■ X7 h 

jj ) 4 j^ J v m' L ij v m IL rs 


(3.5) 


+ 

+ 

+ 


H 2 - 4 K 


a 


K H 2 - 4 K 
2 F^ViHVjH 


1 IV7 /U | 2 

^(v^^ + a--)^- 

(/ A 

qu^iVK.X) + (1 - 1 ^ViKVjK 
q A 


H 2 -4A 


— (a T rr) 


A i? V,AV ; A 


A 2 


From (13.21) . 

(3.6) 

Hence, we obtain 

(3.7) 


2 H 


H 2 - 4K 


(VH,X)+l-~ 


a 


K IT 2 


hit) 


0 > (2 — 2 q — aq)KH + 2q(l + a)u q 1 + L, 
where L are the remaining derivative terms given by 

9 zj 

L := — h2 _ F l2,rs V rn hi j V m h rs + 

( CH 4 

+ 


(3.8) 


2 H 
H 2 - 4 AT 


d-« 

g A 


A A 2 - 4A 


1 .F^XiKVjK 

( 1 -j>—if— 


+ 


2F iq X 1 HX,H , 9 , A U V,A'V, A' 

- 1 -— - (« 2 + «)- 


H 2 -4K 

Now, let’s first estimate these derivative terms in L. Notice that the matrix [h t j\ is 
diagonal at X. As Ai = /in, A 2 = / 122 , we have 


(3.9) 


VjA — A 2 Vj/in + AiVj/1221 
-F V mhijXmhrs = 2(V m /lnV m /l22 |V m /li2|^)- 
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Combining (13.911 into (13.81) . 

A H 


(3.10) 


L = - 

+ 

+ 

+ 


H 2 — AK 
2 H 


mh\\X m h 22 |^m,^ 12 |^) 


/, 1 v (A2V1/111 + AiV1/122)^ + (A2V2/111 + A1V2/122) 2 

H 2 -AK [ ~ q } K 


4/\ 


a — 


A 2 - 4A 


(1 - - (a 2 + a) 


A2|ViA| 2 + Ai|V 2 A| : 
K 2 


2A 2 |ViA | 2 + 2Ai|V 2 A| s 


A 2 — 4A 
We see from (13.21) and (13.81) that 

[2(Ai - A 2 )A + aA 2 (A 2 - 4K)]Vih n = [2(Ai - A 2 )K - aAi(A 2 - 4A)]V,A 22 . 
Since Ai 7 ^ A 2 at X , we have 

[2 K + aA 2 (Ai — A 2 )]Vj/in = [2 K — aAi(Ai — A 2 )]Vi/i 22 - 


Denote 

(3.11) 


Vj/in = tV.j/z- 22 , where f := 


2 AT — aAi(Ai — A 2 ) 


2K + aA 2 (Ai — A 2 ) 

At this stage we assume that i / 0 is well defined, but postpone the verification of this 
assumption in each subsequent proof. 

From (12.161) . (13.101) . and (13.111) . we then obtain 


L = - 


AH 


+ 


+ 


+ 


H 2 - 4A 
2 H 


(j - ^ 2)1 Vi/in | 2 + {t- t 2 )|V 2 /i 2 2 | 2 


, 1 . (A2 + x) 2 |Vi/in | 2 + (*A 2 + Ai) 2 1 V2A.22 1 2 

H 2 — 4AT 1 “ K 


AK 


H 2 -AK 
1 \2 


/1 1 \ 2 a 

(1 -~)-a -- 


X 2 (X 2 + 4 1 ) 2 V 1 An | 2 + Ai(A 2 t + A 1 ) 2 |V 2 h 2 2 h 


K 2 


2 [A 2 (1 + I ) 2 iVrhnl 2 + A 1 (t + l) 2 1V 2 h 22 \\ 


H 2 - AK 
= : Ai|Vihn + A2IV2/122I 2 , 

where the coefficients L± and L 2 are respectively, 


Lx = - 


2 H 1 , (A 2 + ^) 2 

H 2 -AI< K t t 2> ' H 2 -AK y q > K 


AH .1 1, 

:(7-^) + 


+ 


n 1 ^ 2 ® 

A 2 — 4AT 1 q a q 


x 2 (x 2 + x ) 2 


A " 2 


+ 


2A 2 (l + ±) 2 
A 2 - 4AT 


(3.12) 
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and 


(3.13) 


L 2 — — 


AH 


+ 


+ 


H 2 - AK 
A K 


( t - 1 2 ) + 2H (1 - l ) ( a2 + Al ) 2 

[ ) + H 2 -AK [ q’ K 


H 2 - AK 
2Ai (t + l) 2 
H 2 — AK ' 


(1 — — a 2 — — 


Ai(A 2 t + Ai)^ 

K 2 


In order to estimate L\ and L 2 , we need some further simplifications. In fact, by the 
definition of t in (13.1111 . we can eliminate t from L\ as follows. 


(3.14) 

1 1 

f ~f2 

(3.15) 

( a 2 + hy 

(3.16) 

d + l)= 


—a(Ai - \ 2 )H[2K + a\ 2 (Xi - A 2 )] 
[2K — aAi(Ai — A 2 )] 2 
ak 2 h 2 

[2K — aAi(Ai — A 2 )] 2 ’ 

[AK - a(Ai - A 2 ) 2 ] 2 
[2K — aAi(Ai — A 2 )] 2 ' 


Therefore, 


(3.17) 


AH a(Ai - X 2 )H[2K + aX 2 {X! - A 2 )] 

H 2 - AK [2K — aAi(Ai — A 2 )] 2 
2 H 1 AKH 2 

+ H 2 — 4A" 1 “ g [277 — aAi(A x - A 2 )] 2 

r AK 1 2 al AH 2 

+ [ H 2 -AIK q ] a gj A2 [2A'-aAi(Ai - A 2 )] 2 
2A 2 [AK - a(Ai - A 2 ) 2 ] 2 
+ H 2 - AK [2K - aAi(A! - A 2 )] 2 ’ 


and a further simplification gives 


U = 


2X2 


(H 2 —AK)[2K— aXi(X\—X 2)] 2 


AH 3 (1 — ^)Ai — 8(1 — ^-)KH 2 
+ 2aH 2 [2Xl -2K + aH 2 - 4aA"] 


,OL 


—2(— + a 2 )H 2 (H 2 - 4A) + [4(1 + a)K - aH 2 } 2 
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Denote the combination in curly brackets by B\ := —— 4 A )[ 2 ^«-M A i A 2 )] ^ p or 
sake of the subsequent analysis, let us compute B± in the following manner, 


B\ = 2aA 2 [2A? -2K + aH 2 - AaK\ + 4A 3 (1 - -)Ai - 8(1 - -)KH 2 

q q 


,a 


- 2(— + a 2 )H 2 (H 2 - 4 K) + [4(1 + a)K - aH 2 ] 


2i2 


=16(1 + afK 2 + H 2 { 4aA? - 4aK + 2a 2 H 2 - 8a 2 K + 4(1 - -)HX 1 


2 TT 2 


1 , 


q 


l. 


,a 


,a 


-8(1 - -)K - 2 {XX + oi 2 )H 2 + 8(^ + a 2 )I< - 8a(l + a)K + a 2 H 2 


=16(1 + afK 2 + H 2 \ 4aXj + 2 a 2 H 2 + 4(1 - [ -)X\ - 2(^ + a 2 )H 2 + a 2 H 2 


+ K 


-8(1 - -) - 8a 2 - 4a + 4(1 - -) + 8(- + a 2 ) - 8a(l + a) 

q q q 


and thus 


(3.18) 

Bi = 16(1 + afK 2 + H 


4(1 + a -) + a(a-) 


2n o 0 / 2 2a, 


Af + a(a-) A 2 + 2(a 2 -)A" 


+ AT 


. 1, n 8a 

-4(1 - -) -8a 2 - 12a + 


q 


q 


= 16(1 + afK 2 + H 


1 , 


1 , 


a(a- )H 2 + 4(1 + a-)Aj — 4(1 + 2a) (1 + a- )K 


Regarding (13.131) . we can simplify L 2 similarly as above. From (13.111) . analogous to 
(13.141) - (13.161) we have 


(3.19) 

(3.20) 

(3.21) 


t — t 


2 


(A 2 1 + A 1) 2 

(1 + t? 


a(Ai - A 2 )A[2AT - aAi(Ai - A 2 )] 
[2AT + aA 2 (Ai — A 2 )] 2 
4K 2 H 2 

[2K + aA 2 (Ai — A 2 )] 2 ’ 

[4A - a(Ai - A 2 ) 2 ] 2 
[2K + aA 2 (Ai — A 2 )] 2 ' 


Noting the symmetry of Ai and A 2 in the simplification, we then obtain 


A2 —: 


2Ai 

[H 2 - 4K)[2K + aX 2 {X l - 


A 2)] 2 


B2, 
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where 
(3.22) 

B 2 = 16(1 + a) 2 K 2 + H 2 \ a{a - -)X( + 


q 


1 2 

4(1 -)- a — —) T a(a — —) 


q 


q 


2a , 


X 2 + 2(a 2 - —)K 


+ K 


= 16(1 + afK 2 + H 


, 1 . 9 8 a 

-4 1 - -) - 8 a 2 - 12a + — 

q q 

1 


1 , 


a(a- )H 2 + 4(1 + a- )X 2 — 4(1 + 2a)(l + a- )K 


q 


q 


q 


A stopover: Finally, returning to (13.711 and (13.81) we have the inequality 
0 > (2 — 2 q — aq)KH + 2q(l + a)u q ~ l 

(3-23) 2 A 2 1V i/iii | 2 2 A 1 IV 2 M 2 r> 

+ (H 2 - 4K)[2K - aAi(Ai - A 2 )] 2 1 + {H 2 — 4K)[2K + aA 2 (A! - A 2 )] 2 2 ’ 
where B\,B 2 are in (13.181) and (13.221) . respectively. 

In the following proofs, by some deliberate choice of a we will show that the right hand 
side of inequality (13.231) is positive and thus obtain ()3.4I) by contradiction. 

3.1. Case I, p € (—1,0]. Equivalently, one has l<q = \—p<2. Choosing 


a = - 2 , 

q 


(3.24) 

we have — 1 < a < 0 and 

(3.25) 2 - 2q - aq = 0, 

(3.26) 2g(l +a) = 2(2 - q) > 0. 

Note that in (13.111) . t = . When —2 < a < 0, (2 + a)K — a\ 2 > 0 for i = 1, 2, 

so that t > 0 is well defined. 

Then computing the curly brackets in B\, (13.181) . we have the coefficient of Aj is 
4(1 + a -) + a(a -) = —(2 — 2q — aq) = 0, 

q q q 


the coefficient of X 2 is 


a(a-) = — 2 a > 0 , 


and the coefficient of K is 
(3.27) 


. 9 2 ol . . 1. 9 x 

2 a 2 -- 4(1 - -) - 8 a 2 - 12a + — = -2a(2a + 3 > 0, 

q q q 


provided that a £ [—1,0]. Therefore, B\ > 0, and similarly B 2 > 0. Hence, by (13.231) and 
(13.261) we obtain the contradiction 

(3.28) 0 > 2g(l + a)u q ~ l = 2(2 - q)u q ~ l > 0, 


which implies (13.41) and the convex body K must be a ball. 


□ 
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3.2. Case II, p = — 1. Define G = — — 2. By differentiation we have 


(3.29) 

(3.30) 


V;G = 


Vij-G 


V,A HVjU 


u 


ir 


VijH ViHVjU \7jH\7iU HXijU | 2 HViu'VjU 

O O O ” 1 ” Q ■ 


11 


It 


17° 


So, 


(3.31) 


„ F^VnH 2F^V l HX 1 u HF^VijU 2HF^V i uV j u 
F J VaG = ---o---H- 5 -— 


u 


ir 


rt 0 


F^WijH HF^Viju 2F^VjU ( X r H HX,:u 


u 


u* 


u 


u “ 


„ 2i™V 7 u „ 

= :R+ -—VjG, 


u 


where A = 

n u z 

Now we compute R. From Lemmas 2.1 and 2.2, as q = 2 we have 


(3.32) F ij VijH = -F^VmhijWmKs - KH 2 + 2 u{XH, X) + 2 uH + 

(3.33) F ij V ijU = 2u(Xu, X) + 2K — uKH. 


|VA | 2 
2K ’ 


Hence, 


(3.34) 


R= — -F^VmhijXmhrs - 

u u 


TF’ TFT 2 rx 

+ 2(Vtf,X) -2— (Vu,X) 
u 


+ 2H + 


1 |V/\ | s 
2u K 


2HK KH 2 

+ 


ir 




= - ^F^ rs V m h ij V m h rs + + 2n(VG, X). 


Therefore, G satisfies a uniformly elliptic equation 


2F lJ X7 v 

F^XijG - -- J —ViG - 2u{VG,X) 


1 .. 1 IVA'I 2 

= —F^XmhijVmhrs + — 

u 2u A 

—: Is. 

u 


(3.35) 


u 
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From (3.9) we have 

IVA 1 2 
2 K 

A||V 1 /inl 2 + A 2 |V 1 /i 22 | 2 A||V 2 /in | 2 + A 2 |V 2 /i 22 | 2 

2 K + 2 K 

+ Vi/inVi /122 + V 2 /inV 2 /i 22 — 2(Vi/inVi/i 22 + V 2 /inV 2 /i 22 ) 

(3.36) +2|V m hi 2 |- 

> Vi/inVi/i 22 + V 2 /inV 2 /i 22 

+ Vi/inVi /122 + V 2 h u V 2 h 22 — 2 (Vi/inVi/i 22 + V 2 /tnV 2 ^ 22 ) 

+ 2|V m /ii 2 
= 2|V m /ii 2 | 2 > 0. 

So we know G satisfies 

2 i™V v 

(3.37) F^Vi-G -^ V*G - 2u(VG, X) > 0. 

it 

By the strong maximum principle m, G is a constant on <9K. This implies that 

Q = (H 2 - AK)K~ l 

is constant. Hence, from (13.231) . (13.271) . and computations in the previous case, 

0 = F ij ViVj {log Q) = HilVi/inI 2 + H 2 |V 2 /i 22 | 2 , 

and the coefficients i?i,H 2 > 0. So, Vi /in = V 2 /i 22 = 0, and thus by (13.111) . V h t j = 0. 
Therefore, K is constant and K must be a ball. □ 

In fact, using the above methods in Subsections 3.1 and 3.2, we can also obtain the 
following stability result. 


Corollary 3.1. Forpe [-1,0], if 


u(u) 


i -p 


K{y) 


= /> o, 


then the G 4 smooth convex body K is almost a ball in the sense of 

(Ai-A 2 ) 2 <G(|V/|,|V 2 /|), 

where Ai, A 2 are principal curvatures of d¥L. The constant G(|V/|, |V 2 /|) = 0 provided that 
f is a positive constant. 


3.3. Case III, (0,1). In this case, one has 0 < q = 1 — p < 1. Choosing 


(3.38) 


1 

a =-1, 

Q 
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we have a > 0 and 

(3.39) 2 — 2q — aq = 1 — q > 0, 

(3.40) 2g(l + a) = 2. 

By direct computing, we have B i, B 2 in (I3.23[) equal to 

B 1 = B 2 = ^K 2 + (1 - \)H\ 
q z q- 

Without loss of generality, we assume that 

(3.41) Ai > A 2 = /3Ai for some f3 € (0,1). 

Then H = (1 + /3)Ai, K = /3Af, and 

B 1= B 2 = [16/3 2 + {q 2 - 1)(1 + /3) 4 ] ^ 

=-m 4 - 

q- 

Let r = — q 2 , then h(/3 ) = 16/3 2 — r 2 (l + /3) 4 . Straightforward computations yield that 

h(/3) > 0, if [3 > f3(q), where the pinching constant (3(q ) is given by 

1 - \A - _ 1 

x/w 1 ) 

Now, let’s verify that t in (13.111) is well defined, as well the denominators in (I3.23P are 
nonzero. Since a > 0 and Ai > A 2 , it suffices to show (2 + a)K > a\ 2 . From (|3.38l) and 

(13.41) 1 . this is consistent only if 

(3.43) D > P,(q) := 

By direct computation, one can see /3(q) > f3t(q ) when q £ (0,1). Hence, t > 0 is well 
defined when f3 > /3(q). 

Therefore, when f3 > f3(q), from (13.231) we have the contradiction 

(3.44) 0 > (1 - q)KH + 2 u q ~ l > 0, 

which then implies (13.41) and the convex body K must be a ball. □ 
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